Continent was equally reciprocated by their peers in the Continent. In addition there was a generally held belief that nature would not tolerate a discontinuity and this, compounded by a lack of appreciation for the singular nature of the inviscid equations, cast a fog of confusion over the problem.
The main events that follow unfold as a tale of two cities, in Cambridge and Paris. In order to appreciate the events in Paris leading to Hugoniot's paper of 1887, we have to start by considering the contributions of Gaspard Monge (1746-1818). Monge's work is unique in that he approached the solution of partial differential equations by means of geometrical constructions. In 1773, he presented his approach to the French academy [19] , in addition to other works on the calculus of variation, infinitesimal geometry, the theory of partial differential equations and combinatorics. His work on solutions to firstorder partial differential equations established the foundations for the method of characteristics which would be later expanded by Earnshaw, Riemann and Hadamard. But beyond his technical contributions, Monge is also important to this story for his role in the creation in 1794 of what would become one of the most prestigious education centers in the world, the École Polytechnique of Paris. The political turmoil of the French revolution from 1790 to 1793, culminating in the Reign of Terror, resulted in the closing of all institution of higher learning and left the republic without a much needed supply of civilian and military engineers. The École was created to meet this demand. As Dickens observed about Paris in 1794: "it was the best of times, it was the worst of times, it was the age of wisdom, it was the age of foolishness …" Four hundred students, the best the country had to offer, were enrolled the first year for a three-year curriculum in "revolutionary courses" in mathematics and chemistry [8] . Over the years, the school would count among its faculty and students Lagrange, Poisson, Fourier, Duhamel, Cauchy, Carnot, Biot, Fresnel, Hugoniot, Navier, Saint-Venant, Sturm, Liouville, Hadamard and Poincaré, to list but a few.
Siméon-Denis Poisson (1781-1840) entered the École at age seventeen. There he was trained by Laplace 2 and Lagrange who quickly recognized his mathematical talents. As a student Poisson had troubles with Monge's descriptive geometry which was a requirement for students going into public service, but because he was interested in a career in pure science he was able to avoid taking the course. Soon after completing his studies, Poisson was appointed repetiteur 3 at the École. Appointment to full professor was a difficult proposition, but in a lucky break a vacancy was created 1802 by Napoleon when he sent Fourier to Grenoble in south-east France to be the prefect of Isére. With the support of Laplace, Poisson took the position in 1806. A year later, Poisson delivered his lecture "on the theory of sound", which appeared the following year (1808) in the École's journal [20] . The opening paragraph begins by giving credit to Lagrange and continues with: "However, at the time of their publication, very little was known about the use of partial differential equations on which the solution for these types of problems depend. There was disagreement on the use of discontinuous functions which are nevertheless 2 Laplace considered second only to Lagrange as a mathematical savant was not a professor at the École Polytechnique, but an examiner. As an examiner he traveled to cities throughout France administering public, individual, oral exams to aspiring students. Laplace's influence on the school was considerable. 3 A repetiteur is a professor's aid who explains the lectures to the students. fundamental for representing the status of the air at the origin of the motion: thankfully, these difficulties have been removed with the progress made in the analysis, whilst those which persist relate to the nature of the problem". Without further reference to discontinuous functions, the paper proceeds to prove several general theorems for the solution of partial differential equations governing the propagation of sound waves. In section §24 dealing with disturbances of finite amplitude he introduces the governing equation for the velocity potential ϕ and particle velocity d dx
here a is the speed of sound which is assumed constant. Poisson finds the exact solution for a traveling wave in one direction in the form,
where f is an arbitrary function. Poisson's other major contribution to the theory of sound was his derivation in 1823 of the gas law for sound waves with infinitesimal amplitudes,
4 [21] .
Twenty years younger than Poisson, George Airy (1801-1892) graduated top of his class at Trinity College, Cambridge in 1823. That year, Airy was awarded the first Smith prize, given for proficiency in mathematics and natural philosophy. Among Airy's examiners for the Smith's prize were Robert Woodhouse and Thomas Torton, both former Lucasian Chair holders. Only three years after graduating from Trinity College, Airy was elected to the Lucasian Chair. The Chair paid Airy very little 5 and thus in 1828, less than two years after being appointed Lucasian Chair, Airy took a much higher paying job by replacing Woodhouse as Plumian Professor of astronomy at Cambridge and Director of the Cambridge Observatory. In 1835, Airy moved to Greenwich to become the Astronomer Royal of the Royal Observatory at Greenwich. In his position as Astronomer Royal, Airy published a long article on tides and waves [1] in volume 3 of Encyclopaedia Metropolitana. In the article he makes the following reference to Poisson and Cauchy: "…[he] does not comprehend those special cases which have been treated at so great length by Poisson…and Cauchy… With respect to these we may express here an opinion, borrowed from others writers, but in which we join, that as regards their physical results these elaborate treatises are entirely uninteresting; although they rank among the leading works of the present century in regard to the improvement of pure mathematics". Airy's remark captures the views of his colleagues at Cambridge towards the works of 4 Although the isentropic relation is credited to Poisson's 1823 paper, its discovery belongs to Laplace who developed it in a short note [15] = , in which case the maximum and the points of no velocity occur at the same point.
George Stokes (1819 Stokes ( -1903 graduated from Pembroke College, Cambridge, in 1841. Like Airy, he was first of his class, was a recipient of the Smith's prize and was appointed to the Lucasian Chair. While attending Pembroke College, Stokes had already crossed paths with Challis and had quarreled with his views on fluid mechanics on several occasions [4] . Thus it appears that Stokes seized the opportunity to embarrass Challis with a comment on the following issue of the Philosophical Magazine entitled "On a Difficulty in the Theory of Sound" [29] . Unlike Challis and many others of his British contemporaries, Stokes had both read and understood the works of Fourier, Cauchy and Poisson. Stokes begins his article by writing down Poisson's exact solution to the traveling wave problem, Eq. (1). He follows with an illustration that shows how a sinusoidal solution satisfying Eq. (1) would change in time. He then describes the motion as follows: "It is evident that in the neighborhood of the points a, c [the compression side] the curve becomes more and more steep as t increases, while in the neighborhood of the points o, b, z [the expansion side] its inclination becomes more and more gentle." He continues by finding the rate of change of the tangent to the velocity curve,
and remarks that:
"At those points of the original curve at which the tangent is horizontal, 0 dw dz = , and therefore the tangent will constantly remain horizontal at the corresponding points of the altered curve. For the points for which dw dz is positive, the denominator of the expression (A) increases with t, and therefore the inclination of the curve continually decreases. But when dw dz is negative, the denominator of (A) decreases as t increases, so that the curve becomes steeper and steeper. At last, for sufficiently large values of t, the denominator of (A) becomes infinite 6 for some value of z. Now the very formation of the differential equations of motion with which we start, tacitly supposes that we have to deal with finite and continuous functions; and therefore in the case under consideration we must not, without limitation, push our results beyond the least value of t which renders (A) infinite. This value is evidently the reciprocal, taken positively, of the greatest negative value of dw dz ; w here, as in the whole of this paragraph, denoting the velocity when "Of course, after the instant at which the expression (A) becomes infinite, some motion or other will go on, and we might wish to know what the nature of that motion was. Perhaps the most natural supposition to make for trial is, that a surface of discontinuity is formed, in passing across which there is an abrupt change of density and velocity. The existence of such a surface will presently be shown to be possible, on the two suppositions that the pressure is equal in all directions about the same point, and that it varies as the density…even on the supposition of the existence of a surface of discontinuity, it is not possible to satisfy all the conditions of the problem by means of a single function of the form { }
Stokes then proceeds to find the jump conditions for mass and momentum: 6 Stokes should have said that the denominator of (A) becomes zero. Equation A represents the new tangent of inclination, when 1 0
where γ is the speed of the discontinuity. We immediately recognize Eq. (2) as the conservation of mass across a shock wave. However, Eq. (3) does not look familiar. Conceptually Eq. (3) expresses a correct balance of momentum across a shock wave. The reason it does not look familiar is that Stokes has replaced the right hand side term which corresponds to the pressure difference across the shock with the density difference using the prevalent Newtonian theory of sound: Boyle's law and constant speed of sound (isothermal flow). Stokes then writes: "The equations (2), (3) being satisfied, it appears that the discontinuous motion is dynamically possible. This result, however, is so strange, that it may be well to consider more in detail the simplest possible case of such a motion". After considering in detail the motion of a shock moving with a constant velocity ! and finding no contradictions Stokes writes: "The strange results at which I have arrived appear to be fairly deducible from the two hypotheses already mentioned. It does not follow that the discontinuous motion considered can ever take place in nature 7 , for we have all along been reasoning on an ideal elastic fluid which does not exist in nature." He then discusses the effects of heat addition and friction, concluding that: "It appears, then, almost certain that the internal friction would effectively prevent the formation of a surface of discontinuity, and even render the motion continuous again if it were for an instant discontinuous". The following year, Stokes 
The momentum leaving a slice including A in unit time = u u
From these two equations
This, I think, is your argument, and you infer that the motion is possible. But the energy condition imposes on u and u! a different relation, viz. In order to follow Rayleigh's argument, consider the energy balance across the shock:
where u % is the velocity relative to the shock wave and e is the internal energy. A change in internal energy is given by
The second equal sign was replaced by a minus sign in [33] .
where T is the temperature and S is the entropy. If, as assumed by Rayleigh, the shock is stationary and the flow is reversible and it obeys Boyle's law, then 
P.S. You will observe I wrote somewhat doubtfully about the possibility of the queer motion.
It is apparent that Stokes doesn't have the determination or confidence in his position to defend the convincing case he had presented in 1848.
Years latter, in a letter to W. Thomson dated October 15, 1880 [35] , Stokes tells Thomson that he is reviewing his paper "On a Difficulty in the Theory of Sound" for inclusion in his collected works. Stokes reminds Thomson that both he and Rayleigh had pointed out years earlier that his analysis violated the principle of conservation of energy. Then Stokes argues: "The conservation of energy gived another relation, which can be satisfied, so that it appears that such a motion is possible." Two weeks later, on November 1 [35] , Stokes changes his mind and writes to Thomson: "On further reflection I see that I was wrong, and that a surface of discontinuity in crossing which the density of the gas changes abruptly is impossible." In this letter, Stokes gives no details for this conclusion. The details come two days later [35] when he writes: "I mentioned to you I think in a letter that I had found that my surface of discontinuity was bosh. In fact, the equation of energy applied to a slice infinitely near the surface of discontinuity leads to ( ) where , ! !" are the densities, and , w w! the velocities on the two sides of the surface of discontinuity. But this equation is absurd, as violating the second law of motion. In this way the existence of a surface of discontinuity is proved to be impossible." On December 4, Stokes again writes to Thomson [35] : "I have cut out the part of the paper which related to the formation of a surface of discontinuity…The equation I sent you was wrong, as I omitted the considerations of the work of the pressures at the two ends of the elementary portion…" And thus, in the volume of his collected works of 1883 [31] , Stokes adds the following footnote to his 1848 paper at the point where he said that such a surface was possible: "Not so: see substituted paragraph at the end", and removes the entire section dealing with the description of the discontinuity. After claiming that he had made a mistake by considering only conservation of mass and momentum, he says: "It was however pointed out to me by Sir William Thomson, and afterwards by Lord Rayleigh, that the discontinuous motion supposed above involves a violation of the principle of the conservation of energy" 11 .
The difficulties that these prominent scientists were having originated from, as Truesdell has succinctly put it, "the insufficiency of thermodynamics as it was then (and often still now is) understood" [33] . Through much of the first half of the nineteenth century, particularly in Great Britain, the Newtonian theory of sound, based on Boyle's law,
constant speed of sound and isothermal conditions was accepted, even though it clearly contradicted experimental observations. For a reenactment of the painful birth of thermodynamics in the nineteenth century read Truesdell's play in five acts [32] .
The first step in improving the thermodynamics was taken by William Rankine (1820-1872). Rankine attended Edinburgh University for two years and left without a degree to practice engineering. Around 1848, Rankine started developing theories on the behavior of matter, particularly a theory of heat. In 1851, before taking the chair of civil engineering and mechanics at the University of Glasgow, Rankine writes: "Now the velocity with which a disturbance of density is propagated is proportional to the square root, not of the total pressure divided by the total density, but of the variation of pressure divided by the variation of density…" 12 [22] .
Samuel Earnshaw (1805-1888) studied at St. John's College, Cambridge and later became a cleric and tutor of mathematics and physics. In 1860 Earnshaw submitted for publication to the Philosophical Transactions of the Royal Society a paper on the theory of sound of finite amplitudes [6] . Stokes, in his capacity of secretary of the Royal Society, asked Thomson, in a letter dated April 28, 1859 [34] , to review the paper. Thomson's review stretches through seven letters to Stokes, from May 11, 1859 to June 20, 1860 [34] . Thomson is decidedly against publication. In the paper, Earnshaw develops a simple wave solution in one direction for gases satisfying an arbitrary relation between pressure and density. Earnshaw works with the Lagrangian formulation of the 11 What is so odd here is that by 1880 both Thomson and Stokes were familiar with Rankine's paper of 1870, yet failed to understand its significance in relation to Stokes' 1848 paper. 12 One step forward, two steps back, see footnote 4. equations to find the relation between the velocity and the density for
Like others before him, he observes that the differential equations might not have a unique solution. He remarks: "I have defined a bore to be a tendency to discontinuity of pressure; and it has been shown that as a wave progresses such a tendency necessarily arises. As, however, discontinuity of pressure is a physical impossibility, it is certain Nature has a way of avoiding its actual occurrence". Thomson has trouble with Earnshaw's Lagrangean formulation and feels that his "aerial bore" is a rehash of Stokes' paper on "A Difficulty in the Theory of Sound". In his last letter to Stokes on this subject Thomson writes [34] : "On the whole I think if called on to vote, it would be against the publication… On speaking to Rankine I found the idea he had taken from Earnshaw's paper,… was superposition of transm n vel. On wind vel.: & he thought it good. This however is of course fully expressed in Poisson's solution."
Bernhard Riemann (1826-1866) received his Ph.D. from the University of Göttingen in 1851. After Dirichlet died in 1857, vacating the chair previously held by Gauss, Riemann became a full professor. Most of Riemann's papers were in pure mathematics and differential geometry and they have been extremely important to theoretical physics. Unique among his contributions is his more applied paper on the propagation of sound waves of finite amplitude published in 1860 [25] . The paper is very easy to read with notation very similar to that used today. Early in the paper, Riemann introduces what we know today as Riemann variables which he denotes r and s. For an isentropic gas he writes the governing equations as
! "
where k is the ratio of specific heats and
Shortly after introducing r and s Riemann describes how a compression wave would necessarily steepen leading to multiple vales of ρ at one point. Then he says: "Now since in reality this cannot occur, then a circumstance would have to occur where this law will be invalid..., and from this moment on a discontinuity occurs… so that a larger value of ρ will directly follow a smaller one… The compression waves [Verdichtungswellen] , that is, the portions of the wave where the density decreases in the direction of propagation, will accordingly become increasingly more narrow as it progresses, and finally go over into compression shocks [Verdichtungsstösse]". He derives the jumps in mass and momentum for an isentropic (reversible) flow and establishes that the speed of the shock wave,
, is bounded by
Then he discusses what we know today as the Riemann problem, i.e. the wave patterns corresponding to various initial conditions with jumps in u and ρ at 0 x = . Riemann, like
Stokes before him, failed to understand the true nature of the shock layer. The problem is one of physics, not mathematics, and its solution must wait for a better understanding of thermodynamics.
Resolution
Rankine makes his main contribution in his 1870 paper on the thermodynamic theory of waves [23] published in the Philosophical Transactions of the Royal Society of London. Previous papers by Earnshaw and Riemann shared some similarities; not so with Rankine's paper which was more focused on thermodynamics 13 . He begins with: "The object of the present investigation is to determine the relations which must exist between the laws of the elasticity of any substance, whether gaseous, liquid, or solid, and those of the wave-like propagation of a finite longitudinal disturbance in that substance." Here "elasticity" is the eighteenth-century term for what we now call pressure. Later he writes: "It is to be observed, in the first place, that no substance yet known fulfills the condition expressed by the equation 2 constant, dp m ds = ! = 14 between finite limits of disturbance, at a constant temperature, nor in a permanency of type may be possible in a wave of longitudinal disturbance, there must be both change of temperature and conduction of heat during the disturbance". Therefore, Rankine by explaining that the shock transition is a non-adiabatic process, where the particles exchange heat with each other, but no heat is received from the outside, resolved the objections that had been raised by Rayleigh and others concerning the conservation of energy. He goes on to find, for a perfect gas, the jump conditions for a shock wave moving with speed a into an undisturbed medium with pressure and specific volume defined respectively by P and S. He writes:
13 In papers written in 1850 and 1851, Rankine developed a theory of thermodynamics which included an entropy function [32] , but it will take another 15 years for R. Clausius to coin the term and fully develop the concept. 14 Rankine denotes by s the "bulkiness" 1/ , ! = and by m the "mass velocity" = , u ! % where u % is the velocity relative to the shock wave. In its discrete form, we call this expression Prandtl's relation: ( 1)
Thomson in a letter to Stokes dated March 7, 1870 [35] writes: "I have read Rankine's paper with great interest. The simple elementary method by which he investigates the condition for sustained uniformity of type is in my opinion very valuable. It ought as soon as it is published to be introduced into every elementary book henceforth written on the subject."
Pierre-Henri Hugoniot (1851-1887) entered the École Polytechnique in 1870. That summer, France declared war on Germany 15 and patriotic feelings ran high among the students, see Once again he states: "… I fail to understand how a loss of energy can be admitted in a motion which is supposed to be subject to the isothermal or adiabatic laws, in which no dissipative action is contemplated". In the second part of the paper, he reviews Rankine's 1870 paper calling it "very remarkable…although there are one or two serious deficiencies, not to say errors…" He also reviews Hugoniot's 1887-1889 memoirs, thus: "The most original part of Hugoniot's work has been supposed to be his treatment of discontinuous waves involving a sudden change of pressure, with respect to which he formulated a law often called after his name by French writers. But a little examination reveals that this law is precisely the same as that given 15 years earlier by Rankine, a fact which is the more surprising inasmuch as the two authors start from quite different points of view". Of the Hugoniot-curve he says: "…however valid [it] may be, its fulfillment does not secure that the wave so defined is possible. As a matter of fact, a whole class of such waves is certainly impossible, and I would maintain, further, that a wave of the kind is never possible under the conditions, laid down by Hugoniot, of no viscosity or heatconduction". Rayleigh makes two small contributions in the article. He shows that the increase in cm.
We can conclude that our understanding of shock waves was hampered by three factors: first, a lack of understanding of what is an admissible solution to a partial differential equation; second, the incomplete knowledge of thermodynamics at the times; and third, as is evident in Rayleigh's paper, the lack of understanding that the shock wave manifested itself in the inviscid equations as a singular limit 17 of the viscous, heat conducting, Navier-Stokes equations. As a postscript, consider how Lamb perpetuated the folly.
Horace Lamb (1849-1934) was student of Stokes and Maxwell at Cambridge. Lamb was a prolific writer who authored many books in fluid mechanics, mathematics, and classical physics. His texts were used in British universities for many years. In his Presidential address to the British Association in 1904, he provided the following insight into his writings: "It is ... essential that from time to time someone should come forward to sort out and arrange the accumulated material, rejecting what has proved unimportant, and welding the rest into a connected system". His acclaimed 18 book "Hydrodynamics" 17 The conceptual leap needed is to see the inviscid shock jumps as the outer limits of the viscous shock layer as viscosity vanishes. Curiously, Stokes made a significant contribution to asymptotic theory with what we call today Stokes phenomenon [30] , see [7] for an overview. 18 "The leading treatise on classical hydrodynamics", Mathematical Gazette; "Difficult to find a writer on any mathematical topic with equal clearness and lucidity", Philosophical Magazine; "…it has become [14] , based on his brief 250 page "Treatise on the Mathematical Theory of the Motion of Fluids" of 1879, was first published in 1895 and was then revised and expanded until the current 700 page 6 th edition of 1932. In it Lamb discusses the conditions for a discontinuous wave in §284. Lamb mentions the works of Rankine [23] and Hugoniot, as described by Hadamard [9] , but he sides with the Stokes-Rayleigh way of thinking: "These results are [the jump conditions for mass and momentum], however, open to the criticism that in actual fluids the equation of energy cannot be satisfied consistently with (1) [mass conservation] and (2) [momentum conservation]". Of Hugoniot's result he says in a footnote: "…the argument given in the text [referring to Hadamard's book [9] ] is inverted. The possibility of a wave of discontinuity being assumed, it is pointed out that the equation of energy will be satisfied if we equate expression (10) is propounded, as governing the transition from one state to the other… But no physical evidence is adduced in support of the proposed law".
Today, the Cambridge legacy continues to resonate with Hawking, the current Lucasian Chair holder, who writes: "It seems to be a good principle that the prediction of a singularity by a physical theory indicates that the theory has broken down, i.e. it no longer provides a correct description of observations" [10] .
the foundation on which nearly all subsequent workers in hydrodynamics have built. The long-continued supremacy of this book in a field where much development has been taking place is very remarkable, and is evidence of the complete mastery which its author retained over his subject throughout his life", G. I. Taylor's eulogy to Lamb, Nature, 1934 . 
